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Abstract
This paper is concerned with the inflow problem for the one-dimensional compressible Navier-
Stokes equations. For such a problem, F. M. Huang, A. Matsumura and X. D. Shi showed in [3] that
there exists viscous shock wave solution to the inflow problem and both the boundary layer solution,
the viscous shock wave, and their superposition are time-asymptotically nonlinear stable under small
initial perturbation. The main purpose of this paper is to show that similar stability results still hold
for a class of large initial perturbation which can allow the initial density to have large oscillations.
The proofs are given by an elementary energy method and the key point is to deduce the desired
uniform positive lower and upper bounds on the density.
Keywords: Compressible Navier-Stokes equations; Inflow problem; Viscous shock wave; Large den-
sity oscillations.
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1 Introduction
1.1 The inflow problem
This paper is concerned with the large time behaviors of solutions to the inflow problem for one-
dimensional compressible Navier-Stokes equations in the Eulerian coordinates{
ρτ + (ρu)x˜ = 0,
(ρu)τ + (ρu
2 + p)x˜ = µux˜x˜
(1.1)
on the half line R+ = [0,+∞) with prescribed initial and boundary conditions{
(ρ(τ, x˜), u(τ, x˜)) |x˜=0 = (ρ−, u−), u− > 0, ρ− > 0, τ ≥ 0,
(ρ(τ, x˜), u(τ, x˜)) |τ=0 = (ρ0 (x˜) , u0 (x˜))→ (ρ+, u+) , as 0 ≤ x˜→ +∞,
(1.2)
which are assumed to satisfy the compatibility condition
ρ0(0) = ρ−, u0(0) = u−.
Here x˜ and τ represent the Eulerian space variable and the time variable, respectively, ρ(τ, x˜)(> 0),
u(τ, x˜), and p = p(ρ) = ργ with γ ≥ 1 being the adiabatic exponent are, respectively, the density, the
velocity, and the pressure, while the viscosity coefficient µ(> 0), ρ±(> 0), and u± are constants.
For such an initial boundary problem, as classified in [12], the assumption that the boundary velocity
u− > 0 implies that the fluid with the density ρ− flow into the region R+ through the boundary x˜ =
0, and thus the problem (1.1) is called the inflow problem. The cases u− = 0 and u− < 0, where
the condition ρ|x˜=0 = ρ− is removed, are called impermeable wall problem and the outflow problem,
respectively. Throughout this manuscript, we will concerned with the inflow problem (1.1). For the
corresponding impermeable wall problem and outflow problem, those interested are referred to [13, 16]
and [4, 6, 8, 9, 10, 19, 20, 27] and the references cited therein, respectively.
1.2 The classifications of the large behaviors
To explain the main purpose of this manuscript, we first reformulate the initial-boundary value prob-
lem (1.1)-(1.2) as in [17]: Let x be the Lagrangian space variable, t be the time variable, and v = 1ρ
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denote the specific volume, we can then transform the initial-boundary value problem (1.1)-(1.2) into the
following problem in the Lagrangian coordinates:
vt − ux = 0, x > s−t, t > 0,
ut + p(v)x = µ
(
ux
v
)
x
, x > s−t, t > 0,
(v(t, x), u(t, x))|x=s−t = (v−, u−), u− > 0,
(v(t, x), u(t, x))|t=0 = (v0(x), u0(x))→ (v+, u+), as 0 ≤ x→ +∞,
(1.3)
where
p(v) = v−γ , v± =
1
ρ±
> 0, s− = −u−
v−
< 0. (1.4)
The characteristic speeds of the corresponding hyperbolic system of (1.3) are
λ1(v) = −
√
−p′(v), λ2(v) =
√
−p′(v), (1.5)
respectively and the sound speed c(v) is defined by
c(v) = v
√
−p′(v) = √γv− γ−12 . (1.6)
By comparing the fluid velocity |u| with the sound speed c(v), one can divide the phase space R+×R+
into three regions:
Ωsub := {(v, u); |u| < c(v), v > 0, u > 0} ,
Γtrans := {(v, u); |u| = c(v), v > 0, u > 0} ,
Ωsuper := {(v, u); |u| > c(v), v > 0, u > 0} ,
which are called the subsonic, transonic and supersonic regions, respectively.
It is now well-understood that the large time behaviors of global solutions to the Cauchy problem of the
one-dimensional compressible Navier-Stokes equations (1.1) can be described by the i−rarefaction wave
(V RWi (x/t;wl, wr), U
RW
i (x/t;wl, wr)) (i = 1, 2) which is the unique rarefaction wave solution of the Rie-
mann problem of the resulting Euler equations connecting the two states wl = (vl, ul) and wr = (vr, ur),
the suitably shifted i−viscous shock wave (V VSWi (x−sit+σi;wl, wr), UVSWi (x−sit+σi;wl, wr)) (i = 1, 2)
connecting wl and wr and their superpositions (For some progress on the mathematical justifications of
such an expectation, see [11, 14, 15, 16, 26] and the references cited therein.) Here the i−viscous shock
wave (V VSWi (ξ;wl, wr), U
VSW
i (ξ;wl, wr)) (i = 1, 2) is a traveling wave solution of the one-dimensional
compressible Navier-Stokes equations (1.3)1-(1.3)2 connecting wl and wr which solves
UVSWi (ξ;wl, wr)− ul = −si
(
V VSWi (ξ;wl, wr)− vl
)
,
siµ
V VSWi (ξ;wl,wr)
dV VSWi (ξ;wl,wr)
dξ = −s2i
(
V VSWi (ξ;wl, wr)− vl
)− (p (V VSWi (ξ;wl, wr))− p(vl))
:= h
(
V VSWi (ξ;wl, wr)
)
,
V VSWi (−∞;wl, wr) = vl, V VSWi (+∞;wl, wr) = vr,
(1.7)
where
si ≡ si(vl, vr) = (−1)i
√
p(vr)− p(vl)
vl − vr , i = 1, 2, (1.8)
and the entropy condition
ur < ul (1.9)
is assumed to be hold.
But for the initial-boundary value problem (1.3), as pointed out in [12], the problem becomes com-
plicated and to describe its large time behaviors, a new kind of nonlinear wave, the so-called bound-
ary layer solution, or BL-solution simply in the rest of this manuscript, should be introduced which
is due to the presence of the boundary. In fact, as shown in [3], when (v−, u−) ∈ Ωsub, since the
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Figure 1: (v−, u−) ∈ Ωsub
first wave speed λ1(v−) is less than the boundary speed s−, there exists a BL-solution (V BL(x −
s−t;w−, w+), UBL(x−s−t;w−, w+)) of the one-dimensional compressible Navier-Stokes equations (1.3)1-
(1.3)2 connecting w− = (v−, u−) ∈ BL(v−, u−) and some w+ = (v+, u+) ∈ BL(v−, u−). Here
BL(v−, u−) =
{
(v, u) ∈ Ωsub ∪ ΓTrans
∣∣∣∣ uv = u−v− = −s−
}
denotes the BL-solution line through (v−, u−) and (V BL(ξ;w−, w+), UBL(ξ;w−, w+)) satisfy
µdV
BL(ξ;w−,w+)
dξ =
V BL(ξ;w−,w+)
s−
{
− s2−
(
V BL(ξ;w−, w+)− v+
)
− (p (V BL(ξ;w−, w+))− p(v+))},
V BL(0;w−, w+) = v−, V BL(+∞;w−, w+) = v+,
UBL(ξ;w−, w+) = −s−V BL(ξ;w−, w+).
On the other hand, since 0 > λ1(v) > s− in Ωsuper, the two characteristic fields are away from the
moving boundary and hence the large time behaviors of solutions are expected to be the same as those
for the Cauchy problem. Moreover, setting
ΓTrans ∩ BL(v−, u−) = {(v∗, u∗)}
and noticing that c′(v∗) > −λ2(v∗) holds for 1 < γ < 3, A. Matsumura [12] classified all possible large
time behaviors of the solutions of the initial-boundary value problem (1.1)-(1.2) in terms of the boundary
values (v−, u−) and the far field (v+, u+) of the initial data (v0(x), u0(x)) and it was shown in [12] that
the large time behaviors to be expected divide the (v, u)−space as in Figure 1 which is taken from [17].
Here,
BL+(v−, u−) = {(v, u) ∈ BL(v−, u−) : v− < v ≤ v∗} ,
BL−(v−, u−) = {(v, u) ∈ BL(v−, u−) : 0 < v < v−} ,
R1(v∗, u∗) =
{
(v, u) : u = u∗ −
∫ v
v∗
λ1(s)ds, v > v∗
}
,
R2(v∗, u∗) =
{
(v, u) : u = u∗ −
∫ v
v∗
λ2(s)ds, v < v∗
}
,
S2(v−, u−) = {(v, u) : u = u− − s2(v−, v)(v − v−), v > v−},
S2(v∗, u∗) = {(v, u) : u = u∗ − s2(v∗, v)(v − v∗), v > v∗},
where s2(a, b) is defined by (1.8).
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1.3 Former results on the mathematical justification of the expected large
time behaviors and the main purpose of this manuscript
For the mathematical justification of the above expected large time behaviors of the global solutions
to the inflow problem (1.3) classified in [12], there are some pregoess which can be outlined as in the
following:
• A. Matsumura and K. Nishihara [17] established the asymptotic stability of the BL-solution and the
superposition of a BL-solution and a rarefaction wave for the inflow problem (1.3) when (v−, u−) ∈
Ωsub, (v+, u+) ∈ BL(v−, u−) ∪ BLR2(v−, u−) or (v∗, u∗) ∈ BL(v−, u−), (v+, u+) ∈ R1R2(v∗, u∗).
X. D. Shi [24] studied the rarefaction wave case when (v−, u−) ∈ Ωsuper, (v+, u+) ∈ Ωsuper and
(v+, u+) ∈ R1R2(v−, u−);
• For the result concerning the viscous shock wave for the inflow problem (1.3), F. M. Huang, A.
Matsumura and X. D. Shi showed in [3] that the viscous shock wave and the superposition of
a BL-solution and a viscous shock wave for the inflow problem (1.3) are nonlinear stable when
(v−, u−) ∈ Ωsub, (v+, u+) ∈ S2(v−, u−) ∪ BLS2(v−, u−).
It is worth to pointing out that all the above nonlinear stability results ask that the initial perturba-
tions are sufficiently small and strengths of some types of involving nonlinear waves such as the monotonic
decreasing BL-solution, the rarefaction wave are assumed to be sufficiently small, while the strength of the
monotonic increasing BL-solution is not necessarily weak and for the cases when the viscous shock wave
V VSW2 (ξ;wl, wr) connecting the states wl = (vl, ul) and wr = (vr, ur) is involved, its strength |vr − vl| is
assumed to satisfy the following Nishida-Smoller type condition:
(γ − 1)2(vr − vl) < 2γvl. (1.10)
Thus a natural question is: Do similar nonlinear stability results hold for large initial perturbations?
For Cauchy problem of the one-dimensional compressible Navier-Stokes equations (1.3)1-(1.3)2, the
main difficulty lies in how to control the possible growth of its solutions induced by the nonlinearity of
equations under consideration and key point is to deduce the desired uniform positive lower and upper
bounds on the specific volume v(t, x). For results in this direction for the case of the Cauchy problem, it
is shown in [1, 15, 16] that the rarefaction wave is nonlinear stable for any large initial perturbation and
the nonlinear stability of viscous shock wave for a class of large initial perturbation which can allow the
initial density to have large oscillations is obtained in [26].
For the inflow problem (1.3), in addition to the difficulty mentioned above, another difficulty is how
to bound the boundary term induced by the inflow boundary condition (1.3)3. To overcome such a new
difficulty, an argument which is based on Y. Kanel’s method [7] is introduced in [5] for the case when
its large time behavior is described by the BL-solution, the rarefaction wave, and the superposition of a
BL-solution and rarefaction waves to yield the nonlinear stability of these elementary waves for a class
of large initial perturbation which can allow the initial specific volume v0(x) to have large oscillations.
Moreover it is also shown in [5] that the supersonic rarefaction wave is nonlinear stable for general large
initial perturbation. Thus the results obtained in [5] generalize the nonlinear stability results obtained in
[17] and [24] under small initial perturbations to the case of a class of large initial perturbations. Even
so, no result has been obtained for the nonlinear stability of the viscous shock wave and the superposition
of a BL-solution and a viscous shock wave under large initial perturbation and the main purpose of our
present paper is to show that some nonlinear stability results similar to those obtained in [3] still hold
for a class of large initial perturbation which can allow the initial density to have large oscillations.
To simplify the presentation, we will only concentrate on the case when (v−, u−) ∈ Ωsub, (v+, u+) ∈
S2(v−, u−) in the rest of this paper. In fact by combining the argument used in this paper with those em-
ployed in [5], similar result can also be obtained for the case of (v−, u−) ∈ Ωsub, (v+, u+) ∈ BLS2(v−, u−).
1.4 Notations
Throughout this paper, δ := |v+−v−| denotes the strength of the 2−viscous shock wave and a positive
constant C is said to be δ−independnet means that there exists a positive constant C1 ≥ 1 which does not
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depend on δ such that C−11 ≤ C ≤ C1, c, C and O(1) represent some δ−independnet positive constant
(generally large), , λ stand for some δ−independent positive constants (generally small), and C(·, ·)
denotes for some generic positive constant depending only on the quantities listed in the parenthesis.
Notice that all the constants c, C, C(·, ·), , and λ may take different values in different places.
A . B means that there is a generic δ−independent constant C > 0 such that A ≤ CB and A ∼ B
means A . B and B . A. A & B can defined similarly.
For function spaces, Lp(R+)(1 ≤ p ≤ ∞) denotes the usual Lebesgue space on R+ with norm ‖·‖Lp
and for k ∈ Z+, Hk(R+) represents the usual Sobolev space with the standard norm ‖ · ‖k. It is easy to
see that ‖ · ‖0 = ‖ · ‖L2 and to simplify the notation, we set ‖ · ‖ := ‖ · ‖0 = ‖ · ‖L2 in the rest of this paper.
Finally, We denote by Ck(I;Hp) the space of k-times continuously differentiable functions on the
interval I with values in Hp(R+) and L2(I;Hp) the space of L2-functions on I with values in Hp(R+).
2 Preliminaries and main result
To make the presentation easy to read, we divide this section into several subsections and the first
one is on the properties of the viscous shock wave.
2.1 Properties of the viscous shock wave
In this subsection, we first recall some properties of the viscous shock wave. As already pointed out
in the first section, we will only consider the 2−viscous shock wave (V VSW2 (x− s2t;w−, w+), UVSW2 (x−
st;w−, w+)) connecting the states w− = (v−, u−) and w+ = (v+, u+). To simplify the notations, we will
set
(V (ξ), U(ξ)) ≡ (V VSW2 (ξ;w−, w+), UVSW2 (ξ;w−, w+))
and use s to denote s2(v−, v+) in the rest of this paper. Consequently, we can deduce from (1.7), (1.8),
(1.9) that (V (ξ), U(ξ)) solves
U(ξ)− u± = −s (V (ξ)− v±) ,
sµ
V (ξ)
dV (ξ)
dξ = −s2 (V (ξ)− v±)− (p (V (ξ))− p(v±))
:= h (V (ξ)) ,
V (−∞) = v−, V (+∞) = v+,
(2.1)
where (v−, u−), (v+, u+) and s are assumed to satisfied the Rankine-Hugoniot condition{
s(v+ − v−) = u− − u+,
s(u+ − u−) = p(v+)− p(v−)
(2.2)
and the entropy condition
u+ < u−. (2.3)
Recall that δ := |v+ − v−| denotes the strength of the 2−viscous shock wave (V (ξ), U(ξ)), we have
the following result on the 2−viscous shock wave (V (ξ), U(ξ)):
Proposition 2.1. (cf. [3]) For any (v+, u+), (v−, u−), s > 0 satisfying v+ > v− > 0, the Rankine-
Hugoniot condition (2.2), and the entropy condition (2.3), there exists a unique viscous shock wave
(V (ξ, U(ξ))(ξ = x− st) up to a shift, which connects (v+, u+), (v−, u−) and satisfies
0 < v− < V (ξ) < v+, u+ < U(ξ) < u−,
h(V (ξ)) > 0,
dV (ξ)
dξ
=
V (ξ)h(V (ξ))
sµ
> 0,∣∣∣(V (ξ)− v±, U(ξ)− u±)∣∣∣ ≤ O(1)δe−c±|ξ|,∣∣∣∣(dV (ξ)dξ , dU(ξ)dξ , d2V (ξ)dξ2 , d2U(ξ)dξ2
)∣∣∣∣ ≤ O(1)δ2e−c±|ξ|.
(2.4)
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Here c± =
v±|p′(v±)+s2|
sµ > 0.
Moreover, if v− and v+ are assumed to be independent of δ, one can further deduce that the positive
constant O(1) in (2.4) depends only on v± but independent of δ and c± = O(1)δ for some δ−independent
positive constant O(1) which depends only on v±.
The proof of the above proposition is almost the same as the one given in [3], what we want to
emphasize here is that although we ask δ, the strength of the viscous shock wave (V (ξ), U(ξ)), to be
small, since v± are assumed to be independent of δ, one can easily verify that the positive constant
O(1) appearing in (2.4) depends only on v± but is independent of δ. Moreover, it is easy to verify that
c± = O(1)δ for some δ−independent positive constant O(1) by the Taylor formula. We thus omit the
details for brevity.
2.2 Main result
Similar to that of [3], we now make the following transformation
t = t, ξ = x− s−t
to transform the original problem (1.3) to the following initial-boundary value problem
vt − s−vξ − uξ = 0, ξ ≥ 0, t ≥ 0,
ut − s−uξ + p(v)ξ = µ
(uξ
v
)
ξ
, ξ ≥ 0, t ≥ 0,
(v(t, ξ), u(t, ξ))|ξ=0 = (v−, u−), t ≥ 0,
(v(t, ξ), u(t, ξ))|t=0 = (v0(ξ), u0(ξ))→ (v+, u+), as 0 ≤ ξ → +∞.
(2.5)
Since we will only consider the case (v−, u−) ∈ Ωsub, (v+, u+) ∈ S2(v−, u−), as classified in [12], the
large time behavior of the solution to (2.5) is expected to be the suitably shifted 2−viscous shock wave
(V (ξ − (s− s−)t+ σ − β), U(ξ − (s− s−)t+ σ)− β) for some suitably chosen constant β > 0. Here the
shift σ is defined as in [15]:
σ =
1
v+ − v−
{∫ ∞
0
(
v0(ξ)− V (ξ − β)
)
dξ − (s− s−)
∫ ∞
0
(
V ((s− − s)τ − β)− v−
)
dτ
}
, (2.6)
where β > 0 is a suitably chosen constant whose precise range will be specified later. What we want to
emphasize here is that the introduction of such a parameter β is motivated by [13] and the main purpose
is to use it to control the boundary terms induced by the inflow boundary condition (2.5)3 suitably.
By choosing the shift σ as above, we can put
φ(t, ξ) = −
∫ ∞
ξ
[v(t, y)− V (y − (s− s−)t+ σ − β)]dy,
ψ(t, ξ) = −
∫ ∞
ξ
[u(t, y)− U(y − (s− s−)t+ σ − β)]dy,
(2.7)
which means
v(t, ξ) = φξ(t, ξ) + V (ξ − (s− s−)t+ σ − β),
u(t, ξ) = ψξ(t, ξ) + U(ξ − (s− s−)t+ σ − β),
(2.8)
and consequently the problem (2.5) can be reformulated as
φt − s−φξ − ψξ = 0, ξ > 0, t > 0,
ψt − s−ψξ + p(V + φξ)− p(V ) = µ
(
Uξ+ψξξ
V+φξ
− UξV
)
, ξ > 0, t > 0,
(φ(t, ξ), ψ(t, ξ))|t=0 = (φ0(ξ), ψ0(ξ))→ (0, 0), as 0 ≤ ξ → +∞,
φ(t, ξ)|ξ=0 = A(t) := −(s− s−)
∫ ∞
t
[V (−(s− s−)τ + σ − β)− v−]dτ, t ≥ 0.
(2.9)
Now we turn to state our main result. Firstly, assume that
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(H1) There exist δ−independent constants l ≥ 0 and C0 > 0 such that
C−10 δ
l ≤ v0(x) ≤ C0(1 + δ−l); (2.10)
(H2) (v−, u−) ∈ Ωsub, (v+, u+) ∈ S2(v−, u−), v− and v+ are positive constants independent of δ;
(H3) The initial data (v0(x), u0(x)) are assumed to satisfy(
v0(ξ)− V (ξ + σ − β), u0(ξ)− U(ξ + σ − β)
) ∈ H2(R+) ∩ L1(R+),
(φ0(ξ), ψ0(ξ)) ∈ L2(R+).
(2.11)
and the compatibility condition
v0(0) = v−, u0(0) = u−. (2.12)
Under the above assumptions, we have
Theorem 1. For any (v−, u−) ∈ Ωsub, (v+, u+) ∈ S2(v−, u−), γ > 1, in addition to the assumptions
(H1)-(H3), we assume further that
‖(φ0, ψ0)‖1 . δα,∥∥∥(φ0xx, ψ0xx)∥∥∥ . (1 + δ−κ) ,
|s−| ∼ u− ∼ δh, β = o(δ−1)
(2.13)
hold for some δ−independent constants C1 > 0, α > 0, h > 0 and κ > 0. If the positive parameters l,
α, h and κ are assumed to satisfy:
(γ + 2)l < 1, (6γ + 4)l < α < κ,
(γ+2)
2 l < h <
7
4
(
α− (γ+1)l2
)
,
0 < θ < min
{
γ−1
4(γ2+3γ−2)
(
α− (γ+1)l2
)
, γ−1γ2+γ+2 ,
γ−1
γ2 h
}
,
(2.14)
where θ := κ + l − (α − (γ+1)l2 ), then there exists a suitably small δ0 such that if 0 < δ ≤ δ0, the
initial-boundary value problem (1.3) has a unique solution (v(t, x), u(t, x)) satisfying(
v(t, x)− V (x− st+ σ − β), u(t, x)− U(x− st+ σ − β)) ∈ C([0,+∞), H2(R+)),
vx(t, x)− V ′(x− st+ σ − β) ∈ L2
(
[0,+∞), H1(R+)
)
,
ux(t, x)− U ′(x− st+ σ − β) ∈ L2
(
[0,+∞), H2(R+)
)
,
(2.15)
and
C−12 δ
2θ
γ−1 ≤ v(t, x) ≤ C2δ−2θ (2.16)
for some positive constant C2 independent of δ. Furthermore, it holds that
lim
t→∞ supx≥s−t
{∣∣∣(v(t, x)− V (x− st+ σ − β), u(t, x)− U(x− st+ σ − β))∣∣∣} = 0. (2.17)
Remark 2.1. Several remarks concerning Theorem 1.1 are listed below:
• We affirm that the set of the parameters α > 0, κ > 0, l ≥ 0, and h > 0 satisfying the above
conditions is not empty. In fact, let l = 0, (2.14) is equivalent to{
0 < h < 74α,
α < κ < min
{
γ−1
4(γ2+3γ−2)α,
γ−1
γ2+γ+2 ,
γ−1
γ2 h
}
+ α,
(2.18)
thus, the existence of α, κ, h is easy to verify.
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• It is easy to construct some initial perturbation (φ0(ξ), ψ0(ξ)) satisfying the conditions listed in
Theorem 1. In fact for each function (f(ξ), g(ξ) ∈ H2(R+) with
Osc f ′(ξ) := sup
ξ∈R+
{
f ′(ξ)
}− inf
ξ∈R+
{
f ′(ξ)
} ≡ A1 > 0,
Osc g′(ξ) := sup
ξ∈R+
{
g′(ξ)
}− inf
ξ∈R+
{
g′(ξ)
} ≡ A2 > 0,
and for each α, β satisfying the conditions listed in Theorem 1, if we set
φ0(ξ) = δ
3α+κ
2 f
(
δ−κ−αξ
)
, ψ0(ξ) = δ
3α+κ
2 g
(
δ−κ−αξ
)
,
one can verify that such a (φ0(ξ), ψ0(ξ)) satisfies all the conditions listed in Theorem 1.
For such chosen (φ0(ξ), ψ0(ξ)), we can construct the initial data (v0(ξ), u0(ξ)) through (2.18) and
noticing that
φ′0(ξ) = δ
α−κ
2 f ′
(
δ−α−κξ
)
, ψ′0(ξ) = δ
α−κ
2 g′
(
δ−α−κξ
)
,
we can get that
Osc φ′0(ξ) = δ
α−κ
2 A1, Osc ψ
′
0(ξ) = δ
α−κ
2 A2.
Thus from (2.18) and the fact that Osc V (ξ) = δ,Osc U(ξ) = sδ which are assumed to be sufficiently
small, one can deduce that
Osc v0(ξ) ∼ δ
α−κ
2 A1, Osc u0(ξ) ∼ δ
α−κ
2 A2,
which are sufficiently large for small δ since the parameters α and κ satisfies 0 < α < κ. Conse-
quently, the assumptions we imposed on the initial perturbations in Theorem 1 can indeed allow
the oscillations of both the initial specific volume v0(ξ) and the initial velocity u0(ξ) to be large.
Moreover, from the estimate (2.16) and the facts that
2
1− γ
{(
α− (γ + 1)l
2
)
− (κ+ l)
}
> 0, 2
{(
α− (γ + 1)l
2
)
− (κ+ l)
}
< 0,
one can easily deduce that for each t > 0, Osc v(t, ξ) can also be large for small δ.
• Unlike that of [3], we use the smallness of both δ and u− to control the possible growth of the
solutions to the inflow problem (1.3) caused by both the nonlinearity of the equations (1.3)1-(1.3)2
and the inflow boundary condition (1.3)3. It is worth to pointing out that since our result holds for
any γ > 1, it seems natural to ask δ, the strength of the viscous shock wave, to be small because for
large γ, the condition (1.10) imposed in [3] implies that δ is sufficiently small. It would be of some
interest to see whether similar stability result holds or not for a class of large initial perturbations
satisfying similar conditions imposed in Theorem 1 but the strength of the viscous shock wave is
only assumed to satisfy the condition (1.10) imposed in [3].
• For the inflow problem to the full compressible Navier-Stokes equations, some nonlinear stability
results with small initial perturbation are obtained in [2, 18, 21, 22, 23], we are convinced that some
results similar to that of [5] and this paper can also be obtained which can allow the initial density
to have large oscillations.
2.3 Main ideas used to deduce our main result
To yield a global solvability result to the initial-boundary value problem (2.9), in addition to the
difficulty on the possible growth of its solution (φ(t, ξ), ψ(t, ξ)) induced by the nonlinearity of the equations
(2.9)1-(2.9)2, the another is how to control the boundary terms caused by the inflow boundary condition
(2.9)3. To outline our main ideas used in this manuscript, we first recall the main ideas used in [3] to
overcome these two difficulties as in the following:
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• The first is to use the smallness of N(T ) := sup
0≤t≤T
‖(φ, ψ)(t)‖L∞ to deal with the possible growth
of (φ(t, ξ), ψ(t, ξ)) caused by the nonlinearity of the equations (2.9)1-(2.9)2. One of the key points
in such an argument is that, based on the a priori assumption that N(T ) is sufficiently small, one
can deduce a uniform lower and upper positive bounds on the specific volume v(t, ξ) which plays
an essential role in deducing the desired a priori estimates on (φ(t, ξ), ψ(t, ξ));
• As for the control of the boundary terms, there are two main ingredients in the analysis of [3]: The
first is to introduce a parameter β in the shift σ given by (2.6). It is motivated by [13] and the main
observation is that if one chooses β > 0 sufficiently large such that β  |σ|, which is guaranteed by
the smallness of the initial perturbation imposed in [3], then some terms arising from the boundary
terms can be controlled suitably, cf. Lemma 4.1 in [3]. The another is the introduction of a new
variable ψ = ψ−s−φ to control the term ψ2(t, 0) which was one of the main difficulties in the study
of the nonlinear stability of viscous shock wave for the inflow problem (1.3) pointed out in [17]. The
observation in [3] is that when the energy method is applied to the new reformulated system, the
first energy inequality does not contain the term ψ
2
(t, 0) provided that |s−| is small enough, which
means that the estimates for the term ψ2(t, 0) could be exactly bypassed and thus the desired a
priori estimates can be obtained.
Based on the above two points, the authors obtained the desired H2(R+)−norm a priori energy type
estimates on (φ(t, ξ), ψ(t, ξ)) in [3] in terms of the initial perturbation (φ0(ξ), ψ0(ξ)) and the factor
e−c−β which can be chosen as small as we wanted if one chooses β > 0 suitably large. From which the
corresponding nonlinear stability result with small initial perturbation can be obtained by the standard
continuation argument.
But to deduce a global existence result to the initial-boundary value problem (2.9) with large data
which can allow the initial density to have large oscillations, the argument used in [3] cannot be used any
longer. Our main ideas to yield the desired nonlinear stability results are the following:
• The first is on the way to use the parameter β to control certain boundary terms. Our main
observation is that, even though δ, the strength of the viscous shock wave, is assumed to be small in
our analysis, under the assumptions imposed in Theorem 1 on the initial perturbation (φ0(ξ), ψ0(ξ)),
we can indeed prove that the shift σ given by (2.6) satisfies |σ| . δ−1 and consequently, if we choose
β ∼ o(δ−1), then the boundary terms can also be controlled suitably, cf. Lemma 3.2;
• Unlike the analysis in [3] where the smallness of the H2(R+)−norm of the initial perturbation is
used to the possible growth of (φ(t, ξ), ψ(t, ξ)) caused by the nonlinearity of the equations (2.9),
we use the smallness of δ, the strength of the viscous shock wave, instead. The main difficulty lies
in how to yield the uniform positive lower and upper bounds on the specific volume v(t, ξ). It is
worth to emphasize that Kanel’s argument [7] plays an important role in this step and it was to
guarantee that the whole analysis to be carried out smoothly that we need to ask the parameters
l, α, h, and κ to satisfy the conditions (2.14) in Theorem 1.
3 The proof of our main result
This section is devoted to proving our main result. To this end, for some positive constants 0 <
T ≤ +∞, m and M , we first give the set of functions Xm,M (0, T ) from which the solution to the
initial-boundary value problem (2.9) is sought as follows:
Xm,M (0, T ) =
(φ(t, ξ), ψ(t, ξ))
∣∣∣∣∣∣
(φ, ψ) ∈ C([0, T ];H2); φξ ∈ L2(0, T ;H1), ψξ ∈ L2(0, T ;H2),
sup
[0,T ]×R+
{
(V + φ)(t, ξ)
}
≤M, inf
[0,T ]×R+
{
(V + φ)(t, ξ)
}
≥ m
 .
Our main result will be proved by combining the local existence result to the initial-boundary value
problem (2.9) with some a priori estimates. For this purpose, we first consider the local existence result
in the following subsection.
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3.1 Local solvability result in Xm,M(0, T )
The local-in-time existence of the solution (φ(t, ξ), ψ(t, ξ)) to the initial-boundary value problem (2.9)
in Xm,M (0, T ) has been studied in [3], we thus cite the result there as in the following proposition:
Proposition 3.1. Let (φ0(ξ), ψ0(ξ)) ∈ H2(R+). If
sup
ξ∈R+
{
V (ξ) + φ0(ξ)
} ≤M, inf
ξ∈R+
{
V (ξ) + φ0(ξ)
} ≥ m,
then there exists t0 > 0 depending only on m, M and ‖(φ0, ψ0)‖2 such that the initial-boundary value
problem (2.9) has a unique solution (φ(t, ξ), ψ(t, ξ)) ∈ Xm/2,2M (0, t0) satisfying
‖(φ, ψ)(t)‖1 ≤ 2‖(φ0, ψ0)‖1,
‖(φ, ψ)(t)‖2 ≤ 2‖(φ0, ψ0)‖2.
(3.1)
3.2 Certain a priori estimates
Assume that the local solution (φ(t, ξ), ψ(t, ξ)) obtained in the Proposition 3.1 has been extended to
the time t = T ≥ t0 ≥ 0, in order to show that T = ∞, we now turn to deduce certain energy type
estimates on (φ(t, ξ), ψ(t, ξ)) ∈ Xm,M (0, T ) for some positive constants m and M and consequently
1
m
≤ V (ξ − (s− s−)t+ σ − β) + φx(t, ξ) ≤M, ∀(t, ξ) ∈ [0, T ]× R+. (3.2)
Without loss of generality, we can assume that m ≥ 1 and M ≥ 1.
Moreover we assume further that∣∣(φ(t, ξ), ψ(t, ξ))∣∣ ≤ N(T ), ∀(t, ξ) ∈ [0, T ]× R+. (3.3)
Firstly, we give some estimates on the shift σ and the boundary terms.
Lemma 3.1. Assume that the conditions listed in Theorem in 2.1, it holds that |σ| . δ−1.
Proof: Noticing that δc± ∼ 1, it is easy to see from Proposition 2.1 that∫ ∞
0
|v+ − V (y + d)|dy . δ
∫ ∞
0
e−c+|y+d|dy . δ
c+
. 1
holds for any d ∈ R, we thus get that
|σ| .1
δ
{∣∣∣∣∣
∫ ∞
0
(
v0(ξ)− V (ξ + σ − β)
)
dξ
∣∣∣∣∣+
∣∣∣∣∣
∫ ∞
0
(
V (ξ + σ − β)− V (ξ − β)
)
dξ
∣∣∣∣∣
}
+
1
δ
∣∣∣∣∣− (s− s−)
∫ ∞
0
(
V (−(s− s−)τ − β)− v−
)
dτ
∣∣∣∣∣
.1
δ
{
|φ0(0)|+
∣∣∣∣∣
∫ ∞
0
(
V (ξ + σ − β)− v+
)
dξ
∣∣∣∣∣+
∣∣∣∣∣
∫ ∞
0
(
v+ − V (ξ − β)
)
dξ
∣∣∣∣∣
}
+
1
δ
∣∣∣∣∣δ
∫ ∞
0
e−c−|−(s−s−)τ−β|d(−(s− s−)τ)
∣∣∣∣∣
.1
δ
{|φ0(0)|+ 1} .
(3.4)
Under the conditions listed in Theorem 1, it can be deduce from (3.4) that |σ| . δ−1. This completes
the proof of Lemma 3.1.
With the estimate on the shift σ obtained in Lemma 3.1 in hand, we now turn to control the involving
boundary terms suitably which is the main content of the next lemma
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Lemma 3.2. Assume that (φ(t, ξ), ψ(t, ξ)) obtained in the Proposition 3.1 has been extend to the time
step t = T and satisfies the conditions listed above, i.e. (φ(t, ξ), ψ(t, ξ)) ∈ Xm,M (0, T ) and the a priori
assumption (3.3) is assumed to hold, then if β > 0 is chosen sufficiently large such that β ≥ |σ|, it holds
for each 0 ≤ t ≤ T that
∫ t
0
|φ(τ, 0)|dτ . δ−1e−c−β ,
∫ t
0
|φξ(τ, 0)|dτ . e−c−β ,
∫ t
0
|ψξ(τ, 0)|dτ . e−c−β ,∫ t
0
|φt(τ, 0)|dτ . e−c−β ,
∫ t
0
|φtξ(τ, 0)|dτ . δe−c−β ,
∫ t
0
|ψtξ(τ, 0)|dτ . δe−c−β .
(3.5)
Although c− ∼ δ, if we choose β > 0 sufficiently large such that δ · β = o
(
δ−1
)
, then if δ, the strength
of the viscous shock wave, is small enough, the estimates (3.5) tell us that the contributions of all these
integrals involving the boundary terms can be as small as wanted.
Proof: Firstly, noticing that c− = O(1)δ and β ≥ |σ|, one can get from Proposition 2.1 that
|φ(t, 0)| = |A(t)| = (s− s−)
∫ ∞
t
∣∣V (−(s− s−)τ + σ − β)− v−∣∣dτ
. (s− s−)δ
∫ ∞
t
e−c−((s−s−)τ+β−σ)dτ
. δ
c−
e−c−((s−s−)t−σ+β)
. e−c−((s−s−)t−σ+β).
Consequently, it holds
∫ t
0
|φ(τ, 0)|dτ .
∫ t
0
e−c−((s−s−)τ−σ+β)dτ . c−1− ec−(σ−β) . δ−1e−c−β ,
where we have used |σ| . δ−1. On the other hand, due to
φξ(t, 0) = v(t, 0)− V (−(s− s−)t+ σ − β) = v− − V (−(s− s−)t+ σ − β),
ψξ(t, 0) = u(t, 0)− U(−(s− s−)t+ σ − β) = u− − U(−(s− s−)t+ σ − β),
we can get from Proposition 2.1 that
∫ t
0
|φξ(τ, 0)|dτ =
∫ t
0
∣∣v− − V (−(s− s−)τ + σ − β)∣∣dτ
. δ
∫ t
0
e−c−|−(s−s−)τ+σ−β|dτ
. e−c−β ,∫ t
0
|φtξ(τ, 0)|dτ = (s− s−)
∫ t
0
∣∣V ′(−(s− s−)τ + σ − β)∣∣dτ
. δ2
∫ t
0
e−c−|(s−s−)τ+σ−β|dτ
. δe−c−β .
Here again we have used the facts that s is independent of δ, c− = O(1)δ, β ≥ |σ|, and |σ| . δ−1.
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Similarly, one can get that∫ t
0
|ψξ(τ, 0)|dτ =
∫ t
0
∣∣u− − U(−(s− s−)τ + σ − β)∣∣dτ
. δ
∫ t
0
e−c−|−(s−s−)τ+σ−β|dτ
. e−c−β ,∫ t
0
|ψtξ(τ, 0)|dτ = (s− s−)
∫ t
0
∣∣U ′(−(s− s−)τ + σ − β)∣∣dτ
. δ2
∫ t
0
e−c−|−(s−s−)τ+σ−β|dτ
. δe−c−β .
At last, by the equation
φt(τ, 0) = s−φξ(τ, 0) + ψξ(τ, 0),
it yields ∫ t
0
|φt(τ, 0)|dτ =
∣∣∣∣s− ∫ t
0
φξ(τ, 0)dτ +
∫ t
0
ψξ(τ, 0)dτ
∣∣∣∣ . e−c−β .
This completes the proof of Lemma 3.2.
The next result is concerned with the basic energy estimate, which is stated in the following lemma.
Lemma 3.3. Let (φ(t, ξ), ψ(t, ξ) satisfy the conditions listed in Lemma 3.2, then there exists a sufficiently
small positive constant 1 independent of δ such that if
N(t) < 1, |s−| < 1,
it holds for each 0 ≤ t ≤ T ,
‖(φ, ψ)(t)‖2 +
∫ t
0
∫ ∞
0
ψ2ξdξdτ
.‖(φ0, ψ0)‖2 + δ−1e−c−β +N(t) 23
∫ t
0
∫
R+
ψ2ξξ
v
dξdτ
+
(
mγ+2N(t) +m2δ + s2−
) ∫ t
0
∫
R+
φ2ξdξdτ.
(3.6)
Proof: As in [3], let ψ = ψ − s−φ, the problem (2.9) can be changed into
φt − 2s−φξ − ψξ = 0, ξ > 0, t > 0,
ψt −
(−p′(V )− s2−)φξ − µψξξV = F, ξ > 0, t > 0,(
φ(0, ξ), ψ(0, ξ)
)
= (φ0(ξ), ψ0(ξ)− s−φ0(ξ)), ξ ≥ 0,
φ(t, 0) = A(t), ψξ(t, 0) = A
′(t), t ≥ 0,
(3.7)
where
F = −(p(V + φξ)− p(V )− p′(V )φξ)− µUξφξ
vV
− µφξψξξ
vV
.
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Multiplying (3.7)1 by φ and (3.7)2 by (−p′(V )− s2−)−1ψ, then we have(
φ2
2
− ψ
2
2(p′(V ) + s2−)
)
t
+
(
1
2(p′(V ) + s2−)
)
t
ψ
2 − µψξψξ
V (p′(V ) + s2−)
+
{
−s−φ2 − φψ − µψψξ
V (p′(V ) + s2−)
}
ξ
=
{
µ
V (p′(V ) + s2−)
}
ξ
ψψξ +
µUξφξψ
vV (p′(V ) + s2−)
+
µφξψψξξ
vV (p′(V ) + s2−)
+
µψ
(p′(V ) + s2−)
[
p(V + φξ)− p(V )− p′(V )φξ
]
.
(3.8)
Since |s−| is small, v− < V (ξ) < v+ with v± independent of δ, p′(V ) < 0, p′′(V ) > 0,
∂V (ξ − (s− s−)t+ σ − β)
∂t
= −(s− s−)V ′(ξ − (s− s−)t+ σ − β) < 0,
and noticing the fact that ψ = ψ − s−φ and |p′(V ) + s2−| can be bounded by some positive constant
independent of δ from both below and above, which follows from the facts that both δ and |s−| are
assumed to be sufficiently small and v±, the far fields of V (ξ), are independent of δ, then integrating the
above identity with respect to t and x over [0, t]× R+ yields
∫
R+
(
φ2
2
− ψ
2
2(p′(V ) + s2−)
)
dξ +
∫ t
0
∫
R+
(
|Vt|ψ2 +
µψ2ξ
V (p′(V ) + s2−)
)
dξdτ
.‖(φ0, ψ0)‖2 +
∣∣∣∣∫ t
0
(
s−φ2 + φψ +
µψψξ
V (s2− + p′(V ))
)
(τ, 0)dτ
∣∣∣∣︸ ︷︷ ︸
I1
+
∣∣∣∣∣
∫ t
0
∫
R+
µφξψψξξ
vV (p′(V ) + s2−)
dξdτ
∣∣∣∣∣︸ ︷︷ ︸
I2
+
∫ t
0
∫
R+
µs2−φ
2
ξ
V (p′(V ) + s2−)
dξdτ
+
∣∣∣∣∣
∫ t
0
∫
R+
(
ψ (p(V + φξ)− p(V )− p′(V )φξ)
)
dξdτ
∣∣∣∣∣︸ ︷︷ ︸
I3
+
∣∣∣∣∣
∫ t
0
∫
R+
({
µ
V (p′(V ) + s2−)
}
ξ
ψψξ +
µUξφξψ
vV (p′(V ) + s2−)
)
dξdτ
∣∣∣∣∣︸ ︷︷ ︸
I4
.
(3.9)
Now we deal with Ij(j = 1, 2, 3, 4) term by term. To this end, noticing first that ‖ψ‖L∞ = ‖ψ −
s−φ‖L∞ . N(t), we can get from Lemma 3.2 that
I1 . N(t)
∫ t
0
(
|s−φ|+ |φ|+
∣∣∣∣ µψξV (s2− + p′(V ))
∣∣∣∣) (τ, 0)dτ
. N(t)
∫ t
0
(|φ|+ |ψξ|) (τ, 0)dτ . δ−1e−c−β ,
I2 . N(t)
2
3
∫ t
0
∫ ∞
0
ψ2ξξ
v
dξdτ +N(t)
1
3m
∫ t
0
∫ ∞
0
φ2ξdξdτ.
(3.10)
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On the other hand, due to
|p(v)− p(V )− p′(V )φξ| = φ2ξ
∣∣∣∣∫ 1
0
∫ 1
0
p′′(θ1θ2v + (1− θ1θ2)V )dθ1dθ2
∣∣∣∣
.
(
v−γ−2 + V −γ−2
)
φ2ξ ,
(3.11)
one can deduce from (3.2) again that
I3 . N(t)
∫ t
0
∫ ∞
0
(
v−γ−2 + V −γ−2
)
φ2ξdξdτ . N(t)mγ+2
∫ t
0
∫ ∞
0
φ2ξdξdτ
and
I4 . η
∫ t
0
∫ ∞
0
|Vt|ψ2dξdτ + δ
∫ t
0
∫ ∞
0
µψ2ξ
V (p′(V ) + s2−)
dξdτ + δm2
∫ t
0
∫
R+
φ2ξdξdτ.
By choosing η > 0 small enough, we can get by inserting the above estimates on Ij(j = 1, 2, 3, 4) into
(3.9) that
∥∥(φ, ψ) (t)∥∥2 + ∫ t
0
∫ ∞
0
(
|Vt|ψ2 + ψ2ξ
)
dξdτ
.‖(φ0, ψ0)‖2 + δ−1e−c−β +N(t)
2
3
∫ t
0
∫ ∞
0
ψ2ξξ
v
dξdτ
+
(
N(t)mγ+2 + δm2 + s2−
) ∫ t
0
∫ ∞
0
φ2ξdξdτ.
(3.12)
Recall that ψ = ψ − s−φ, it is easy to get the estimate (3.6) from (3.12). This completes the proof of
Lemma 3.3.
Now we turn to deduce the higher order energy estimates on (φ(t, ξ), ψ(t, ξ)). To this end, we can get
first that
Lemma 3.4. Under the same assumptions listed in Lemma 3.2, it holds for each 0 ≤ t ≤ T that∥∥∥(√Φ, ψξ) (t)∥∥∥2 + ∫ t
0
∫ ∞
0
ψ2ξξ
v
dξdτ
.
∥∥∥(√Φ0, ψ0ξ)∥∥∥2 + e−c−β + δ2mγ+2 ∫ t
0
∫ ∞
0
φ2ξdξdτ.
(3.13)
Proof: Differentiating (2.9)1-(2.9)2 with respect to ξ once yieldsφξt − s−φξξ − ψξξ = 0, ξ > 0, t > 0,ψξt − s−ψξξ + (p(v)− p(V ))ξ − µ(ψξξv )
ξ
= µ
(
Uξ
v − UξV
)
ξ
, ξ > 0, t > 0.
(3.14)
Multiplying (3.14)1 by (p(V )− p(v)) and (3.14)2 by ψξ, it holds that(
Φ +
ψ2ξ
2
)
t
+ µ
ψ2ξξ
v
+
(
−s−
2
ψ2ξ + (p(v)− p(V ))ψξ − µ
(
Uξ + ψξξ
v
− Uξ
V
)
ψξ
)
ξ
= µ
Uξφξψξξ
vV
− Vt(p(v)− p(V )− p′(V )φξ),
(3.15)
where
Φ(v, V ) = p(V )(v − V )−
∫ v
V
p(η)dη.
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Integrating the above identity with respect to t and x over [0, t]× R+ yields∥∥∥(√Φ, ψξ) (t)∥∥∥2 + µ∫ t
0
∫ ∞
0
ψ2ξξ
v
dξdτ
.
∥∥∥(√Φ0, ψ0ξ)∥∥∥2 + ∣∣∣∣∫ t
0
(
− s−
2
ψ2ξ + (p(v)− p(V ))ψξ − µ
(
Uξ + ψξξ
v
− Uξ
V
)
ψξ
)
(τ, 0)dτ
∣∣∣∣︸ ︷︷ ︸
I5
+
∣∣∣∣∫ t
0
∫ ∞
0
Uξφξψξξ
vV
dξdτ
∣∣∣∣︸ ︷︷ ︸
I6
+
∣∣∣∣∫ t
0
∫ ∞
0
Vt
(
p(V + φξ)− p(V )− p′(V )φξ
)
dξdτ
∣∣∣∣︸ ︷︷ ︸
I7
.
(3.16)
To bound Ij(j = 5, 6, 7) term by term, noticing first that
µ
ψξξ
v
= ψt − s−ψξ + (p(v)− p(V )) + µUξφξ
vV
,
we have
µ
ψξξψξ
v
= (ψψξ)t − ψψtξ − s−ψ2ξ + (p(v)− p(V ))ψξ + µ
Uξφξψξ
vV
,
and consequently ∫ t
0
(
µ
ψξξψξ
v
− (p(v)− p(V ))ψξ − µUξφξψξ
vV
)
(τ, 0)dτ
=ψψξ(t, 0)− ψψξ(0, 0)−
∫ t
0
ψψtξ(τ, 0)dτ − s−
∫ t
0
ψ2ξ (τ, 0)dτ.
Thus we can get from Lemma 3.2 that
I5 =
∣∣∣∣s−2
∫ t
0
ψ2ξ (τ, 0)dτ − ψ(t, 0)ψξ(t, 0) + ψ(0, 0)ψξ(0, 0) +
∫ t
0
(ψψtξ) (τ, 0)dτ
∣∣∣∣
. (δ +N(t))e−c−β . e−c−β ,
I6 .
µ
2
∫ t
0
∫ ∞
0
ψ2ξξ
v
dξdτ + δ4m
∫ t
0
∫ ∞
0
φ2ξdξdτ,
I7 . δ2mγ+2
∫ t
0
∫ ∞
0
φ2ξdξdτ.
(3.17)
Inserting the above estimates into (3.16), we can get (3.13) immediately. This completes the proof of
Lemma 3.4.
Combing the estimates obtained in Lemma 3.3 and Lemma 3.4, it holds
∥∥∥(φ, ψ,√Φ, ψξ) (t)∥∥∥2 + ∫ t
0
∫ ∞
0
(
ψ2ξ +
ψ2ξξ
v
)
dξdτ
.
∥∥∥(φ0, ψ0,√Φ0, ψ0ξ)∥∥∥2 + δ−1e−c−β + ((N(t) + δ2)mγ+2 + s2−) ∫ t
0
∫ ∞
0
φ2ξdξdτ.
(3.18)
Now, we should deal with the term
∫ t
0
∫∞
0
φ2ξdξdτ . To this end, due to
ψt − s−ψξ + (p(V + φξ)− p(V ))− µψξξ
v
= µ
(
Uξ
v
− Uξ
V
)
,
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we can get by multiplying the above equation by φξ and by noticing Uξ < 0 that
(ψφξ)t − {ψ(s−φξ + ψξ)}ξ + ψ2ξ − µ
ψξξ
v
φξ
=− (p(V + φξ)− p(V ))φξ − µ
Uξφ
2
ξ
vV
≥− (p(V + φξ)− p(V ))φξ
=−
(∫ 1
0
p′(V + θφξ)dθ
)
φ2ξ &M−γ−1φ2ξ .
(3.19)
Integrating the above inequality with respect to t and x over [0, t]× R+, we get
M−γ−1
∫ t
0
∫ ∞
0
φ2ξdξdτ .‖ψφξ(t)‖+ ‖ψ0φ0ξ‖+
∣∣∣∣∫ t
0
(
ψ(s−φξ + ψξ)
)
(τ, 0)dτ
∣∣∣∣
+
∫ t
0
∫ ∞
0
ψ2ξdξdτ +m
∫ t
0
∫ ∞
0
ψ2ξξ
v
dξdτ.
(3.20)
Thus we finally get from (3.18), (3.20), and Lemma 3.2 that∫ t
0
∫ ∞
0
φ2ξdξdτ
.Mγ+1
(
‖ψ(t)‖‖φξ(t)‖+ ‖ψ0‖‖φ0ξ‖+ e−c−β
)
+mMγ+1
∫ t
0
∫ ∞
0
(
ψ2ξ +
ψ2ξξ
v
)
dξdτ
.mMγ+1
(∥∥∥(φ0, ψ0,√Φ0, ψ0ξ)∥∥∥2 + δ−1e−c−β)
+
((
N(t) + δ2
)
mγ+3Mγ+1 + s2−mM
γ+1
) ∫ t
0
∫ ∞
0
φ2ξdξdτ.
(3.21)
If N(t), |s−| and δ are chosen sufficiently small such that(
N(t) + δ2
)
mγ+3Mγ+1 ≤ 2, s2−mMγ+1 ≤ 2
hold for some sufficiently small positive constant 2 > 0 independent δ, then we can deduce from (3.21)
that ∫ t
0
∫ ∞
0
φ2ξdξdτ . mMγ+1
(∥∥∥(φ0, ψ0,√Φ0, ψ0ξ)∥∥∥2 + δ−1e−c−β) .
Inserting the above estimate into (3.18), we can get the following result
Lemma 3.5. Under the assumptions listed in Lemma 3.2, there exists a sufficiently small positive con-
stant 2 independent of δ such that if(
N(t) + δ2
)
mγ+3Mγ+1 ≤ 2, s2−mMγ+1 ≤ 2, (3.22)
then it holds for each 0 ≤ t ≤ T that∫ t
0
∫ ∞
0
φ2ξdξdτ . mMγ+1
(∥∥∥(φ0, ψ0,√Φ0, ψ0ξ)∥∥∥2 + δ−1e−c−β) (3.23)
and ∥∥∥(φ, ψ,√Φ, ψξ) (t)∥∥∥2 + ∫ t
0
∫ ∞
0
(
ψ2ξ +
ψ2ξξ
v
)
dξdτ
.
∥∥∥(φ0, ψ0,√Φ0, ψ0ξ)∥∥∥2 + δ−1e−c−β .
(3.24)
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Now we pay attention to the term
∫ t
0
∫∞
0
φ2ξξ
v dξdτ . To this end, we set v˜ :=
v
V , then Φ(v, V ) can be
rewritten as
Φ(v, V ) = V γ+1Φ˜(v˜), Φ˜(v˜) = v˜ − 1 + 1
γ − 1
(
v˜−γ+1 − 1) . (3.25)
Moreover, due to(
v˜ξ
v˜
)
t
=
(
v˜t
v˜
)
ξ
=
(
vt
v
− Vt
V
)
ξ
=
(
s−vξ + uξ
v
− s−Vξ + Uξ
V
)
ξ
= s−
(
vξ
v
− Vξ
V
)
ξ
−
(
uξ
v
− Uξ
V
)
ξ
= s−
(
v˜ξ
v˜
)
ξ
−
(
ψξξ
v
− Uξφξ
vV
)
ξ
,
we can rewrite (2.9)2 as (
µ
v˜ξ
v˜
− ψξ
)
t
− s−
(
µ
v˜ξ
v˜
− ψξ
)
ξ
+ (p(v)− p(V ))ξ = 0. (3.26)
Based on (3.26), we can deduce the following result
Lemma 3.6. Under the same assumptions listed in Lemma 3.5, it holds for each 0 ≤ t ≤ T that∥∥∥∥( v˜ξv˜
)
(t)
∥∥∥∥2 + ∫ t
0
∫ ∞
0
γv˜2ξ
V γ v˜γ+2
dξdτ
.
∥∥∥∥( v˜0ξv˜0 , φ0, ψ0,√Φ0, ψ0ξ
)∥∥∥∥2 + δ−1e−c−β + |s−|∫ t
0
(
v˜ξ
v˜
)2
(τ, 0)dτ
(3.27)
and∫ t
0
∫ ∞
0
φ2ξξ
v
dξdτ .Mγ+1
∫ t
0
∫ ∞
0
v˜2ξ
V γ v˜γ+2
dξdτ + δ4m
∫ t
0
∫ ∞
0
φ2ξdξdτ,
.Mγ+1
(∥∥∥∥( v˜0ξv˜0 , φ0, ψ0,√Φ0, ψ0ξ
)∥∥∥∥2 + δ−1e−c−β + s− ∫ t
0
(
v˜ξ
v˜
)2
(τ, 0)dτ
)
.
(3.28)
Proof: Multiplying the equation (3.26) by
v˜ξ
v˜ , we get{
µ
2
(
v˜ξ
v˜
)2
− ψξ v˜ξ
v˜
}
t
+
γv˜2ξ
V γ v˜γ+2
−
{
s−
µ
2
(
v˜ξ
v˜
)2
− ψξ
(
s−
v˜ξ
v˜
+
ψξξ
v
− Uξφξ
vV
)}
ξ
=− ψ
2
ξξ
v
− Uξφξψξξ
vV
+
γVξ
V
(p(V )− p(v)) v˜ξ
v˜
.
(3.29)
Integrating the above identity with respect to t and ξ over [0, t]× R+, we can obtain∥∥∥∥( v˜ξv˜
)
(t)
∥∥∥∥2 + ∫ t
0
∫ ∞
0
γv˜2ξ
V γ v˜γ+2
dξdτ
.
∥∥∥∥ v˜0ξv˜0
∥∥∥∥2 + ‖ψξ(t)‖2 + ‖ψ0ξ‖2 + ∫ t
0
∫ ∞
0
ψ2ξξ
v
dξdτ
+
∣∣∣∣∣
∫ t
0
{
s−
µ
2
(
v˜ξ
v˜
)2
− ψξ
(
s−
v˜ξ
v˜
+
ψξξ
v
− Uξφξ
vV
)}
(τ, 0)dτ
∣∣∣∣∣︸ ︷︷ ︸
I8
+
∫ t
0
∫ ∞
0
U2ξ φ
2
ξ
vV 2
dξdτ︸ ︷︷ ︸
I9
+
∣∣∣∣∫ t
0
∫ ∞
0
γVξ
V
(p(V )− p(v)) v˜ξ
v˜
dξdτ
∣∣∣∣︸ ︷︷ ︸
I10
.
(3.30)
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As to the estimates on Ij(j = 8, 9, 10), we first bound I9 and I10 from (3.2) as follows
I9 .mδ4
∫ t
0
∫ ∞
0
φ2ξdξdτ,
I10 .
1
2
∫ t
0
∫ ∞
0
γv˜2ξ
V γ v˜γ+2
dξdτ +
∫ t
0
∫ ∞
0
γV 2ξ
V 2
(p(V )− p(v))2v˜γdξdτ
.1
2
∫ t
0
∫ ∞
0
γv˜2ξ
V γ v˜γ+2
dξdτ + δ4
∫ t
0
∫ ∞
0
v−γ−2φ2ξdξdτ
.1
2
∫ t
0
∫ ∞
0
γv˜2ξ
V γ v˜γ+2
dξdτ + δ4mγ+2
∫ t
0
∫ ∞
0
φ2ξdξdτ.
(3.31)
For I8, since s−φξ = φt − ψξ, we have
s−
v˜ξ
v˜
ψξ +
ψξξψξ
v
− Uξφξψξ
vV
=s−
(
φξξ
v
− Vξφξ
vV
)
ψξ +
ψξξψξ
v
− Uξφξψξ
vV
=
(
φtξ
v
− ψξξ
v
)
ψξ − s−Vξφξψξ
vV
+
ψξξψξ
v
− Uξφξψξ
vV
=
φtξψξ
v
− (s−Vξ + Uξ)φξψξ
vV
=
φtξψξ
v
− Vtφξψξ
vV
,
(3.32)
therefore, from Lemma 3.2, I8 can be controlled by
I8 .|s−|
∫ t
0
(
v˜ξ
v˜
)2
(τ, 0)dτ +
∣∣∣∣∫ t
0
φtξψξ
v
(τ, 0)dτ
∣∣∣∣+ ∣∣∣∣∫ t
0
Vtφξψξ
vV
(τ, 0)dτ
∣∣∣∣
.|s−|
∫ t
0
(
v˜ξ
v˜
)2
(τ, 0)dτ + δ2e−c−β .
(3.33)
Putting these estimates on Ij(j = 8, 9, 10) into (3.30), we have∥∥∥∥( v˜ξv˜
)
(t)
∥∥∥∥2 + ∫ t
0
∫ ∞
0
γv˜2ξ
V γ v˜γ+2
dξdτ
.
∥∥∥∥ v˜0ξv˜0
∥∥∥∥2 + ‖ψξ(t)‖2 + ‖ψ0ξ‖2 + δ2e−c−β + ∫ t
0
∫ ∞
0
ψ2ξξ
v
dξdτ
+ δ4mγ+2
∫ t
0
∫ ∞
0
φ2ξdξdτ + |s−|
∫ t
0
(
v˜ξ
v˜
)2
(τ, 0)dτ
.
∥∥∥∥ v˜0ξv˜0
∥∥∥∥2 + ∥∥∥(φ0, ψ0,√Φ0, ψ0ξ)∥∥∥2 + δ−1e−c−β + |s−|∫ t
0
(
v˜ξ
v˜
)2
(τ, 0)dτ
+ δ4mγ+3Mγ+1
(∥∥∥(φ0, ψ0,√Φ0, ψ0ξ)∥∥∥2 + δ−1e−c−β) .
(3.34)
Noticing δ2mγ+3Mγ+1 ≤ 2, we can further obtain that∥∥∥∥( v˜ξv˜
)
(t)
∥∥∥∥2 + ∫ t
0
∫ ∞
0
γv˜2ξ
V γ v˜γ+2
dξdτ
.
∥∥∥∥( v˜0ξv˜0 , φ0, ψ0,√Φ0, ψ0ξ
)∥∥∥∥2 + δ−1e−c−β + |s−|∫ t
0
(
v˜ξ
v˜
)2
(τ, 0)dτ.
(3.35)
Due to
v˜ξ
v˜
=
φξξ
v
− Vξφξ
vV
, (3.36)
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thus ∫ t
0
∫ ∞
0
φ2ξξ
v
dξdτ .
∫ t
0
∫ ∞
0
(
vγ+1v˜2ξ
vγ v˜2
+
V 2ξ φ
2
ξ
vV 2
)
dξdτ
.Mγ+1
∫ t
0
∫ ∞
0
v˜2ξ
V γ v˜γ+2
dξdτ + δ4m
∫ t
0
∫ ∞
0
φ2ξdξdτ,
(3.37)
Combing this result with (3.23) and (3.35), one can easily get the estimate (3.27). This completes the
proof of Lemma 3.6.
So far, the only thing left is to control the boundary term
∫ t
0
( v˜ξ
v˜
)2
(τ, 0)dτ . For this purpose, we can
get by recalling the equation (3.36) that∫ t
0
(
v˜ξ
v˜
)2
(τ, 0)dτ .
∫ t
0
(
φξξ
v
)2
(τ, 0)dτ +
∫ t
0
(
Vξφξ
vV
)2
(τ, 0)dτ
. 1
s2−v2−
∫ t
0
ψ2ξξ(τ, 0)dτ +
1
s2−v2−
∫ t
0
φ2tξ(τ, 0)dτ +
∫ t
0
(
Vξφξ
vV
)2
(τ, 0)dτ
. 1
s2−v2−
∫ t
0
ψ2ξξ(τ, 0)dτ +
1
s2−v2−
∫ t
0
φ2tξ(τ, 0)dτ +
∫ t
0
(
Vξφξ
vV
)2
(τ, 0)dτ
. 1
s2−v2−
∫ t
0
∣∣∣∣∫ ∞
0
d
dξ
ψ2ξξdξ
∣∣∣∣ dτ + Cδ3e−c−βs2− + δ4e−c−β
.M
s2−
∫ t
0
∥∥∥∥ψξξ√v (τ)
∥∥∥∥∥∥∥∥ψξξξ√v (τ)
∥∥∥∥ dτ + δ3e−c−βs2− .
(3.38)
Therefore for some λ > 0 to be chosen later, one has∥∥∥∥( v˜ξv˜
)
(t)
∥∥∥∥2 + ∫ t
0
∫ ∞
0
γv˜2ξ
V γ v˜γ+2
dξdτ
.
∥∥∥∥( v˜0ξv˜0 , φ0, ψ0,√Φ0, ψ0ξ
)∥∥∥∥2 + δ−1e−c−β
+
M
s−
∫ t
0
∥∥∥∥ψξξ√v (τ)
∥∥∥∥∥∥∥∥ψξξξ√v (τ)
∥∥∥∥ dτ + Cδ3e−c−βs−
.
∥∥∥∥( v˜0ξv˜0 , φ0, ψ0,√Φ0, ψ0ξ
)∥∥∥∥2 + δ−1e−c−β
+
M
λs2−
∫ t
0
∥∥∥∥ψξξ√v (τ)
∥∥∥∥2 dτ +Mλ ∫ t
0
∥∥∥∥ψξξξ√v (τ)
∥∥∥∥2 dτ,
(3.39)
which means that the estimate on the boundary term
∫ t
0
( v˜ξ
v˜
)2
(τ, 0)dτ can be reduced to the estimate on
the term
∫ t
0
‖ψξξξ√
v
(τ)‖2dτ , which is the main content of the next lemma.
Lemma 3.7. Under the same assumptions listed in Lemma 3.5, it holds for each 0 ≤ t ≤ T that
‖ψξξ(t)‖2 +
∫ t
0
∫ ∞
0
ψ2ξξξ
v
dξdτ
. ‖ψ0ξξ‖2 +m2γMγ+1
∫ t
0
∫ ∞
0
γv˜2ξ
V γ v˜γ+2
dξdτ
+m sup
τ∈[0,t]
{∥∥∥∥φξξ√v (τ)
∥∥∥∥2
}(∥∥∥(φ0, ψ0,√Φ0, ψ0ξ)∥∥∥2 + δ−1e−c−β) .
(3.40)
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Proof: Differentiating (3.14)2 with respect to ξ twice, it holds
ψξξt − s−ψξξξ + (p(v)− p(V ))ξξ − µ
(
ψξξ
v
)
ξξ
= µ
(
Uξ
v
− Uξ
V
)
ξξ
,
then multiplying the above identity by ψξξ, we have(
ψ2ξξ
2
)
t
+ µ
ψ2ξξξ
v
+
(
−s−
ψ2ξξ
2
+ (p(v)− p(V ))ξψξξ − µ
(
ψξξ
v
)
ξ
ψξξ + µ
(
Uξφξ
vV
)
ξ
ψξξ
)
ξ
=(p(v)− p(V ))ξψξξξ − µψξξvξ
v2
ψξξξ + µ
(
Uξφξ
vV
)
ξ
ψξξξ.
(3.41)
Integrating the above equation with respect to t and ξ over [0, t]× R−, we get
‖ψξξ(t)‖2 +
∫ t
0
∫ ∞
0
ψ2ξξξ
v
dξdτ
. ‖ψ0ξξ‖2 +
∣∣∣∣∣
∫ t
0
(
−s−
ψ2ξξ
2
+ (p(v)− p(V ))ξψξξ − µ
(
ψξξ
v
)
ξ
ψξξ + µ
(
Uξφξ
vV
)
ξ
ψξξ
)
(τ, 0)dτ
∣∣∣∣∣︸ ︷︷ ︸
I11
+
∣∣∣∣∫ t
0
∫ ∞
0
v(p(v)− p(V ))2ξdξdτ
∣∣∣∣︸ ︷︷ ︸
I12
+
∣∣∣∣∣
∫ t
0
∫ ∞
0
v
(
Uξφξ
vV
)2
ξ
dξdτ
∣∣∣∣∣︸ ︷︷ ︸
I13
+
∫ t
0
∫ ∞
0
ψ2ξξv
2
ξ
v3
dξdτ︸ ︷︷ ︸
I14
.
(3.42)
Now we deal with Ij(j = 11, 12, 13, 14) term by term. To do so, since
− s−
ψ2ξξ
2
+
{
(p(v)− p(V ))ξ − µ
(
ψξξ
v
)
ξ
+ µ
(
Uξφξ
vV
)
ξ
}
ψξξ
=− s−
ψ2ξξ
2
+ ψξξ(−ψξt + s−ψξξ) = s−
2
ψ2ξξ − ψξξψξt
and noticing that
ψtξ(t, 0) = (s− s−)U ′(−(s− s−)t+ σ − β),
we can thus bound I11 from Lemma 3.2 and Proposition 2.1 as follows
I11 .
∣∣∣∣s−2
∫ t
0
ψ2ξξ(τ, 0)dτ
∣∣∣∣+ ∣∣∣∣∫ t
0
(
ψξξψtξ
)
(τ, 0)dτ
∣∣∣∣
.
∣∣∣∣s−2
∫ t
0
∫ ∞
0
d
dξ
ψ2ξξdξdτ
∣∣∣∣+ ∣∣∣∣∫ t
0
(
ψ2ξξψtξ
)
(τ, 0)dτ
∣∣∣∣+ ∣∣∣∣∫ t
0
ψtξ(τ, 0)dτ
∣∣∣∣
.
∣∣∣∣s− ∫ t
0
∫ ∞
0
ψξξψξξξdξdτ
∣∣∣∣+ δ2 ∣∣∣∣∫ t
0
ψ2ξξ(τ, 0)dτ
∣∣∣∣+ δe−c−β
.
(|s−|+ δ2) ∫ t
0
∫ ∞
0
ψ2ξξ
v
dξ +
(|s−|+ δ2) ∫ t
0
∫ ∞
0
ψ2ξξξ
v
dξdτ + δe−c−β .
On the other hand, since
{(p(v)− p(V ))ξ}2 = {(p′(v)φξξ + (p′(v)− p′(V ))Vξ}2
= {(p′(v)φξξ + p′′(θv + (1− θ)V ))Vξφξ}2
≤ Cp′(v)2φ2ξξ + p′′(θv + (1− θ)V ))2V 2ξ φ2ξ
. v−2γ−2φ2ξξ + v−2γ−4V 2ξ φ2ξ ,
(3.43)
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we can thus control I12, I13, and I14 from (3.23) as
I12 .m2γ
∫ t
0
∫ ∞
0
φ2ξξ
v
dξdτ +m2γ+3δ4
∫ t
0
∫ ∞
0
φ2ξdξdτ
.m2γ
∫ t
0
∫ ∞
0
φ2ξξ
v
dξdτ +m2γ+4Mγ+1δ4
(∥∥∥(φ0, ψ0,√Φ0, ψ0ξ)∥∥∥2 + δ−1e−c−β) ,
I13 .δ2m
∫ t
0
∫ ∞
0
φ2ξξ
v
dξdτ + δ4 sup
τ∈[0,t]
{
‖φξ
v
(τ)‖2
}∫ t
0
∫ ∞
0
φ2ξξ
v
dξdτ +m2δ8
∫ t
0
∫ ∞
0
φ2ξdξdτ
.δ4Mγ−1 sup
τ∈[0,t]
{
‖Φ(τ)‖2
}∫ t
0
∫ ∞
0
φ2ξξ
v
dξdτ +m2δ8
∫ t
0
∫ ∞
0
φ2ξdξdτ
.δ4Mγ−1
(∥∥∥(φ0, ψ0,√Φ0, ψ0ξ)∥∥∥2 + δ−1e−c−β)∫ t
0
∫ ∞
0
φ2ξξ
v
dξdτ,
(3.44)
and
I14 .
∫ t
0
∫ ∞
0
ψ2ξξ
(
φ2ξξ + V
2
ξ
)
v3
dξdτ
.m sup
τ∈[0,t]
{∥∥∥∥φξξ√v (τ)
∥∥∥∥2
}∫ t
0
∫ ∞
0
ψ2ξξ
v
dξdτ
.m sup
τ∈[0,t]
{∥∥∥∥φξξ√v (τ)
∥∥∥∥2
}(∥∥∥(φ0, ψ0,√Φ0, ψ0ξ)∥∥∥2 + δ−1e−c−β) .
(3.45)
Inserting these estimates into (3.42), we finally arrive at
‖ψξξ(t)‖2 +
∫ t
0
∫ ∞
0
ψ2ξξξ
v
dξdτ
.‖ψ0ξξ‖2 +m2γ
∫ t
0
∫ ∞
0
φ2ξξ
v
dξdτ +m2γ+4Mγ+1δ4
(∥∥∥(φ0, ψ0,√Φ0, ψ0ξ)∥∥∥2 + δ−1e−c−β)
+m sup
τ∈[0,t]
{∥∥∥∥φξξ√v (τ)
∥∥∥∥2
}(∥∥∥(φ0, ψ0,√Φ0, ψ0ξ)∥∥∥2 + δ−1e−c−β) .
(3.46)
Recalling that m2γ+4Mγ+1δ4  1 and (3.28), one can thus get the estimate (3.40) immediately and
the proof of Lemma 3.7 is complete.
Setting
H(t) :=
∥∥∥∥ v˜ξv˜ (t)
∥∥∥∥2 + ∫ t
0
∫ ∞
0
γv˜2ξ
V γ v˜γ+2
dξdτ, (3.47)
we get by combing (3.36) and (3.24) together that∥∥∥∥φξξ√v (t)
∥∥∥∥2 .M ∥∥∥∥ v˜ξv˜ (t)
∥∥∥∥2 +mδ4‖φξ(t)‖2
.MH(t) +mMγ+1δ4
(∥∥∥(φ0, ψ0,√Φ0, ψ0ξ)∥∥∥2 + δ−1e−c−β) , (3.48)
from which and the estimate (3.40), one can get that∫ t
0
∫ ∞
0
ψ2ξξξ
v
dξdτ . ‖ψ0ξξ‖2 +m2γMγ+1H(t). (3.49)
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Combining (3.24), (3.48), and (3.49) with (3.39), we see that
H(t) .
∥∥∥∥( v˜0ξv˜0 , φ0, ψ0,√Φ0, ψ0ξ
)∥∥∥∥2 + δ−1e−c−β
+
M
λs2−
(∥∥∥(φ0, ψ0,√Φ0, ψ0ξ)∥∥∥2 + δ−1e−c−β)
+ λM
(
‖ψ0ξξ‖2 +m2γMγ+1H(t)
)
.
∥∥∥∥( v˜0ξv˜0 , φ0, ψ0,√Φ0, ψ0ξ
)∥∥∥∥2 + Mλs2−
(∥∥∥(φ0, ψ0,√Φ0, ψ0ξ)∥∥∥2 + δ−1e−c−β)
+ λM ‖ψ0ξξ‖2 + λm2γMγ+2H(t).
(3.50)
Having obtained (3.50), if we let λ ∼ N(t) 12 and assume further that
N(t)
1
2m2γMγ+2 < 1, (3.51)
we can obtain that
H(t) .
∥∥∥∥( v˜0ξv˜0 , ψ0ξξ
)∥∥∥∥2 + Mλs2−
(∥∥∥(φ0, ψ0,√Φ0, ψ0ξ)∥∥∥2 + δ−1e−c−β) . (3.52)
From the above estimate, we can get that
Lemma 3.8. Under the same assumptions listed in Lemma 3.5, if we assume further thatN(t)m
4γM2γ+4 < 1,
M
(∥∥(φ0, ψ0,√Φ0, ψ0ξ)∥∥2 + δ−1e−c−β) ≤ N(t) 12 s2− ∥∥∥( v˜0ξv˜0 , ψ0ξξ)∥∥∥2 , (3.53)
then it holds for each 0 ≤ t ≤ T that
H(t) .
∥∥∥∥( v˜0ξv˜0 , ψ0ξξ, φ0, ψ0,√Φ0, ψ0ξ
)∥∥∥∥2 + δ−1e−c−β . (3.54)
In summary, what we have obtained up to now is that if
N(t)m2γM2γ+4  1, ,
δ2mγ+3Mγ+1  1,
s2−mM
γ+1  1,
M
(∥∥(φ0, ψ0,√Φ0, ψ0ξ)∥∥2 + δ−1e−c−β) ≤ N(t) 12 s2− ∥∥∥( v˜0ξv˜0 , ψ0ξξ)∥∥∥2 ,
(3.55)
then it holds for each 0 ≤ t ≤ T that
∥∥∥(φ, ψ,√Φ, ψξ) (t)∥∥∥2 + ∫ t
0
∫ ∞
0
(
ψ2ξ +
ψ2ξξ
v
)
dξdτ .
∥∥∥(φ0, ψ0,√Φ0, ψ0ξ)∥∥∥2 + δ−1e−c−β ,∥∥∥∥ v˜ξv˜ (t)
∥∥∥∥2 + ∫ t
0
∫ ∞
0
γv˜2ξ
V γ v˜γ+2
dξdτ .
∥∥∥∥( v˜0ξv˜0 , ψ0ξξ, φ0, ψ0,√Φ0, ψ0ξ
)∥∥∥∥2 + δ−1e−c−β .
(3.56)
Having obtained (3.56), we now turn to deduce the desired uniform positive lower and upper bounds
on v(t, x) in terms of the initial perturbation. In fact from (3.56), we can get by employing Y. Kanel’s
argument [7] as in [5] that
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Lemma 3.9. Under the assumption (3.55), we can get that
C−1B
2
1−γ
0 ≤ v(t, ξ) ≤ CB20 , ∀(t, ξ) ∈ [0, T ]× R+. (3.57)
Here
B0 :=
(∥∥∥(φ0, ψ0,√Φ0, ψ0ξ)∥∥∥2 + δ−1e−c−β) 12 (∥∥∥∥( v˜0ξv˜0 , ψ0ξξ, φ0, ψ0,√Φ0, ψ0ξ
)∥∥∥∥2 + δ−1e−c−β
) 1
2
.
Moreover, as a direct consequence of (3.56) and (3.57), we can deduce that
‖φξξ(t)‖2 +
∫ t
0
‖φξξ(τ)‖2 dτ ≤ C
(‖(φ0, ψ0)‖2 , δ−1e−c−β) ,
‖ψξξ(t)‖2 +
∫ t
0
∥∥∥∥ψξξξ√v (τ)
∥∥∥∥2 dτ ≤ C (‖(φ0, ψ0)‖2 , δ−1e−c−β) .
Here C
(‖(φ0, ψ0)‖2 , δ−1e−c−β) is some positive constant depending only on ‖(φ0, ψ0)‖2 and δ−1e−c−β.
3.3 The proof of our main result
With the above preparations in hand, we now turn to prove Theorem 1. Noticing that
Φ0(x) .
(|V (0, x)|−γ−1 + |v(0, x)|−γ−1)φ20x,
we first deduce from the assumptions (H1)-(H3) that∥∥∥√Φ0∥∥∥ . (1 + δ− (γ+1)l2 ) ‖φ0x‖ ,∥∥∥∥ v˜0ξv˜0
∥∥∥∥ . δ−l (‖φ0xx‖+ δ2 ‖φ0x‖) . (3.58)
Hence, if we ask β = o(δ−1) and noticing that c− = O(1)δ, one can deduce that
δ−1e−c−β ≤ δ2α−(γ+1)l (3.59)
provided that δ > 0 satisfies 0 < δ ≤ δ1 holds for some sufficiently small δ1 > 0.
Consequently∥∥∥(φ0, ψ0,√Φ0, ψ0ξ)∥∥∥+ δ−1e−c−β . δα− (γ+1)l2 + δ−1e−c−β . δα− (γ+1)l2 ,∥∥∥∥(ψ0ξξ, v˜0ξv˜0
)∥∥∥∥ . δ−κ−l. (3.60)
Now we prove Theorem 1 by exploiting the continuation argument. Applying Proposition 3.1, we can
find a positive constant t0, which only depends on δ and ‖(φ0, ψ0)‖2 such that the problem (2.9) admits
a unique solution (φ(t, ξ), ψ(t, ξ)) ∈ Xm0,M0(0, t0) with
m0 = 2
−1C−10 δ
l, M0 = 2C0
(
1 + δ−l
)
,
and we have from Sobolev’s inequality that for each 0 ≤ t ≤ t0
sup
[0,t0]
{
‖(φ, ψ)(t)‖L∞
}
≤ ‖(φ, ψ)(t)‖1 ≤ C‖(φ0, ψ0)‖1 ≤ Cδα.
Thus we can take N(t0) = Cδ
α.
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If 
N(t0)m
−4γ
0 M
2γ+4
0  1,
δ2m−γ−30 M
γ+1
0  1,
s2−m
−1
0 M
−γ−1
0  1,
M0
(∥∥(φ0, ψ0,√Φ0, ψ0ξ)∥∥2 + δ−1e−c−β) ≤ N(t0) 12 s2− ∥∥∥( v˜0ξv˜0 , ψ0ξξ)∥∥∥2 ,
which is equivalent to ask that 
δα−(6γ+4)l < 1,
δ2−2(γ+2)l < 1,
δ2h−(γ+2)l < 1,
δ2α−(γ+1)l−l−
α
2−2h ≤ δ−2κ−2l,
(3.61)
then we can deduce that the estimates obtained in Lemma 3.2-lemma 3.8 hold with 0 ≤ t ≤ t0, m = m−10
and M = M0. Thus from the result of Lemma 3.10, it yields that
2−1C−13 δ
2
1−γ {(α− (γ+1)l2 )−(κ+l)} ≤ v(t, ξ) ≤ 2C3δ2{(α−
(γ+1)l
2 )−(κ+l)} (3.62)
holds for each 0 ≤ t ≤ t0 and ∥∥∥(φ, ψ,√Φ, ψξ) (t)∥∥∥ . δα− (γ+1)l2 (3.63)
and
‖(φ, ψ)(t)‖22 +
∫ t
0
(‖φξ(τ)‖21 + ‖ψξ(τ)‖22) dτ . C (‖(φ0, ψ0)‖2 , δ) (3.64)
hold for each 0 ≤ t ≤ t0.
Note that if the parameters l, h, α, and κ satisfy1 > (γ + 2)l, α > (6γ + 4)l,(γ+2)l
2 < h < κ+
3α
4 − γ2 l,
(3.65)
then there exists a sufficiently small 0 < δ2 ≤ δ1 such that for all δ ∈ (0, δ2], (3.61) hold.
Next if we take (φ(t1, ξ), ψ(t1, ξ)) as the initial data, we can deduce by employing Proposition 3.1 again
that the unique local solution (φ(t, ξ), ψ(t, ξ)) constructed above can be extended to the time internal
[t0, t0 + t1] and satisfies
sup
[0,t0+t1]
{
‖(φ, ψ)(t)‖L∞
}
≤ max{N(t0), 2‖(φ, ψ)(t0)‖1} ≤ C4δα−
(γ+1)l
2 ,
and
m1
2
≤ v(t, ξ) ≤ 2M1, ∀(t, ξ) ∈ [0, t1 + t2]× R+
with
m1 := 2
−1C−13 δ
2
1−γ {α− (γ+1)l2 −(κ+l)},
M1 := 2C3δ
2{α− (γ+1)l2 −(κ+l)}.
Thus we can take N(t0 + t1) = C4δ
α− (γ+1)l2 and if we assume that
N(t0 + t1)m
−4γ
1 M
2γ+4
1  1,
δ2m−γ−31 M
γ+1
1  1,
s2−m
−1
1 M
−γ−1
1  1,
M1
(∥∥(φ0, ψ0,√Φ0, ψ0ξ)∥∥2 + δ−1e−c−β) ≤ N(t0 + t1) 12 s2− ∥∥∥( v˜0ξv˜0 , ψ0ξξ)∥∥∥2 ,
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that is 
δα−
(γ+1)l
2 − 4(γ
2+3γ−2)
γ−1 (κ+l−(α− (γ+1)l2 )) < 1,
δ2−
2γ2+2γ+4
γ−1 (κ+l−(α− (γ+1)l2 )) < 1,
δ2h−
2γ2
γ−1 (κ+l−(α− (γ+1)l2 )) < 1,
δ2(α−
(γ+1)l
2 )−2(κ+l−(α− (γ+1)l2 )) ≤ δ 12 (α− (γ+1)l2 )+2h−2κ−2l,
which hold for all δ ∈ (0, δ3] for some sufficiently small constant 0 < δ3 ≤ δ1 provided that
0 < θ < γ−14(γ2+3γ−2)
(
α− (γ+1)l2
)
,
0 < θ < γ−1γ2+γ+2 ,
0 < θ < γ−1γ2 h,
0 < h < 74
(
α− (γ+1)l2
)
,
(3.66)
where
θ := κ+ l −
(
α− (γ + 1)l
2
)
,
then the assumptions listed in Lemma 3.3-Lemma 3.8 hold with t0 ≤ t ≤ t0 + t1, m = m−11 and M = M1
and consequently the estimates (3.55), (3.56) and (3.57) obtained in Lemma 3.2-Lemma 3.8 hold for each
0 ≤ t ≤ t0+ t1. If we take (φ(t0+ t1, ξ), ψ(t0+ t1, ξ)) as the initial data and employ Proposition 3.1 again,
we can then extend the above solution (φ(t0 + t1, ξ), ψ(t, ξ)) to the time step t = t0 + 2t1. Repeating
the above procedure, we thus extend (φ(t, ξ), ψ(t, ξ)) step by step to the unique global solution and the
estimates (3.55), (3.56) and (3.57) hold for each t ≥ 0 provided that the conditions (H1)-(H3) are assumed
to be hold, the initial perturbation (φ0(ξ), ψ0(ξ)) satisfies (2.13) with the parameters α, κ and l satisfy
(3.65)-(3.66), and δ satisfies 0 < δ ≤ δ0 := min{δ2, δ3}. Noticing that (3.65) and (3.66) are nothing but
the assumption (2.14) imposed in Theorem 1, we thus complete the proof of Theorem 1.
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